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Contact process description
Voter model with distributed flip rate and spontaneous state changing

N is the set of contacting agents in states 0 and 1.
Agent i changes his opinion:

I to influenced by other agents. The probability of agent i copying
the opinion of agent j is P{j |i} = aij

ki

f (λj )∑N
i=1 f (λi )

,
I ki is the degree of agent,
I A = {aij} is the adjacency matrix,
I λi is intrinsic activity rate of i-agent.

I spontaneously with probability εi .
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System state evolution
Description of variables

Let’s ni(t) is the opinion state the i-agent in the time t .

ni(t + dt) = φi(1− ni(t)) + (1− φi)ni(t)(1− ξi) + νiξi (1)

φi(t), ξi(t), and νi(t) are dichotomous random independent variables:

φi(t) =

{
1 with probability εidt ,
0 with probability 1− εidt ,

ξi(t) =

{
1 with probability λidt ,
0 with probability 1− λidt ,

νi(t) =


1 with probability

N∑
j=1

P{j |i}nj(t),

0 with probability 1−
N∑

j=1
P{j |i}nj(t).
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System state evolution
Differential equation

Time-evolution of the average opinion:

〈ni(t + dt)− ni(t)〉
dt

= εi − 2εi 〈ni(t)〉+ λi

 N∑
j=1

P{j |i} 〈nj(t)〉 − 〈ni(t)〉

 .
Ensemble average of the opinion of agent i , 〈ni(t)〉 ≡ li ,

dli
dt

= λi

 N∑
j=1

P{j |i}lj − li

+ εi(1− 2li). (2)
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Stochastic process modeling
Langevin equation

Stochastic process X (t):

dX (t) = M(x)dt +
√

D(x)dW , (3)

where the drift term is

M(x) =
〈X (t + dt)|X (t)〉 − 〈X (t)〉

dt
,

the diffusion term is

D(x) =

〈
X 2(t + dt)|X (t)

〉
− 〈X (t + dt)|X (t)〉2

dt
,

dW is the differential Wiener process.
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Stochastic process modeling
Voter model in complex networks

Let’s lk (t) = 1
Nk

∑
i∈k ni(t) and λk ≡ λ, εk ≡ ε are fixed coefficients for

all i ∈ k .
Langevin equation for general case:

dlk (t)
dt

= ε(1− 2lk (t))− λlk (t) + λ
∑

j

P{j |i}lj(t)

+τk (t)

√√√√√ ε

Nk
+

λ

Nk

(1− 2lk (t))
∑

j

P{j |i}lj(t) + lk (t)

, (4)

where τk (t) is Gaussian white noises.
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Contact process in homogeneous network
Langevin equation and effective potential

Let’s ρ(t) is the density of nodes in 1-state, then

dρ(t)
dt

= ε− 2ερ(t) + τ(t)

√
1
N

[ε+ 2λρ(t)(1− ρ(t))]. (5)

For describing fluctuation dynamics we investigate the effective
potential

Veff (ρ) = ln
1
N

[ε+ 2λρ(1− ρ)]− 2
∫

Nε(1− 2ρ)
ε+ 2λρ(1− ρ)

dρ, (6)

Veff has an extremum when ρ = 1/2, it is a maximum if λ/N > ε and
minimum otherwise.
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Split network: fast-slow agents
Model description

Two groups - fast and slow agents,
I Nf ,Ns - number of agents in each group,
I λf and λs - rate parameters,
I kfs = f (λf )Nf

f (λs)Ns
,

I ρf (t), ρs(t) - density of fast and slow agents in state 1,
I ε - spontaneous flip probability.

System of differential equations:

dρf (t)
dt

= ε(1− 2ρf ) +
λf

1 + kfs
(ρs − ρf ) +

√
1
Nf

[
ε + λf

ρs + ρf (1 + 2kfs − 2ρs − 2kfsρf )

1 + kfs

]
τf (t),

dρs(t)
dt

= ε(1− 2ρs) +
λskfs

1 + kfs
(ρf − ρs) +

√
1

Ns

[
ε + λs

ρf kfs + ρs(kfs + 2− 2ρf kfs − 2ρs)

1 + kfs

]
τs(t).
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Split network: fast-slow agents
Partial case: investigation of dynamics

If ε has the same order as λs,⇒ fix ρs ⇒ consider just one Langevin
equation.
The effective potential has a single extremum at approximately

ρs ≈ ρf ≈
1
2
.

It is a maximum if

Nf (2ε+ λf ) + 2kfs(εNf − λf ) < 0, (7)

and minimum in another case. Transition from minimum to maximum
can only happen if λf > εNf .
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Split network: fast-slow agents
Conditions of the effective potential maximum

x ≡ 2f (λf )

Nsf (λs)
, y ≡ λf

εNf
.

The effective potential maximum
possible only if

x > 1 (8)

and

y >
x + 2

Nf

x − 1
. (9) Figure 1: Effective potential

condition in XY space, Nf = 1000.
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Split network: fast-slow agents
Simulation: evolution of the fraction of agents in the 1-state

(a) Fast+slow agents

(b) Fast agents

(c) Slow agents

Figure 2: Nf = 1000 fast, Ns = 4000 slow agents, λf = 103λs, ε = 0.001.
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Split network: fast-slow agents
Simulation: evolution of the fraction of agents in the 1-state

(a) Fast+slow agents

(b) Fast agents

(c) Slow agents

Figure 3: Nf = 1000 fast, Ns = 4000 slow agents, λf = 104λs, ε = 0.0003.
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Split network: fast-slow agents
Simulation: evolution of the fraction of agents in the 1-state

(a) Fast+slow agents

(b) Fast agents

(c) Slow agents

Figure 4: Nf = 1000 fast, Ns = 4000 slow agents, λf = 104λs, ε = 0.00099.
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Split network: fast-slow agents
Simulation: evolution of the fraction of agents in the 1-state

(a) Fast+slow agents

(b) Fast agents

(c) Slow agents

Figure 5: Nf = 1000 fast, Ns = 1000 slow agents, λf = 104λs, ε = 0.0005.
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Split network: fast-slow agents
Simulation: criterion of the effective potential maximum

Variance curve 〈(ρf − 1/2)2(t)〉 slope indicates the existence of the
effective potential maximum.

(a) ε = 0; (b) ε = 0.0002; (c) ε = 0.001.

Figure 6: Variances of the fraction of fast agents in 1-state, Nf = 1000,
Ns = 4000, λf = 104λs.

Liudmila Rozanova | Individualism and collectivism in social dynamics



Thank you for your attention!
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